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We propose global hybrid approximations of the exchange-correlation (XC) energy functional
which reproduce well the modified fourth-order gradient expansion of the exchange energy in the
semiclassical limit of many-electron neutral atoms and recover the full local density approximation
(LDA) linear response. These XC functionals represent the hybrid versions of the APBE functional
[Phys. Rev. Lett. 106, 186406, (2011)] yet employing an additional correlation functional which
uses the localization concept of the correlation energy density to improve the compatibility with
the Hartree-Fock exchange as well as the coupling-constant-resolved XC potential energy. Broad
energetical and structural testings, including thermochemistry and geometry, transition metal com-
plexes, non-covalent interactions, gold clusters and small gold-molecule interfaces, as well as an
analysis of the hybrid parameters, show that our construction is quite robust. In particular, our
testing shows that the resulting hybrid, including 20% of Hartree-Fock exchange and named hAPBE,
performs remarkably well for a broad palette of systems and properties, being generally better than
popular hybrids (PBE0 and B3LYP). Semi-empirical dispersion corrections are also provided.
I. INTRODUCTION
Density functional theory (DFT)1,2 is nowadays one of
the most popular methods in electronic structure calcu-
lations. DFT is an exact theory, but its practical im-
plementation requires an approximation for the so-called
exchange-correlation (XC) energy functional, which de-
scribes the quantum effects of the electron-electron in-
teraction. Many approximated expressions, having dif-
ferent levels of complexity/sophistication, exist for this
functional3,4. They can be roughly classified in two broad
classes: i) local and semilocal functionals, using as in-
put information the electron density, its derivatives, and
the kinetic energy density; ii) fully non-local function-
als, which additionally use as input non-local quanti-
ties computed from the Kohn-Sham orbitals (e.g. ex-
act exchange). The former ones, which include local
density, generalized gradient and meta generalized gradi-
ent approximations (LDA, GGAs, and meta-GGAs, re-
spectively), are fast and sufficiently accurate for many
purposes5–20, but fail for a number of important proper-
ties such as density distributions or barriers heights21–25.
The second ones, which include global, range-separated,
local and double hybrid functionals22,26–57, improve con-
siderably the results, but they are much more computer-
time demanding, in particular when local or double hy-
brids are used.
Among functionals of the second class, global hybrids
provide the best compromise between accuracy and ef-
ficiency. They are characterized by an exchange energy
contribution which is a mixing of exact exchange and a
local or semilocal contribution. In global hybrids, a frac-
tion of Hartree-Fock exchange energy is directly com-
bined with the complementary fraction of an exchange
energy functional.
The great majority of the hybrid functionals are
parameterized: the constant determining the relative
weight of the exact and semilocal exchange and (in most
cases) some other parameters are fixed by fitting some
training datasets. Furthermore, fitted parameters can
also be contained in the semilocal functional used in the
hybrid construction. A well-known example of parame-
terized hybrid functional is B3LYP58–61.
On the other hand, there are few examples of non-
parameterized hybrid functionals. In the case of global
hybrids (the one of interest in the present paper)
the parameter determining the ratio between exact
and semilocal exchange can be chosen by theoretical
arguments33,36. Then, constructing the hybrid on the
basis of a non-parameterized semilocal functional, one
obtains a parameter-free (or non-empirical) hybrid func-
tional. PBE033–35 and, more recently, PBE0-1/336,37
have been obtained in such a way. Extensive calcu-
lations of molecular properties have shown that non-
2parameterized hybrids are not only more satisfactory
than the parameterized ones from the theoretical point of
view, but they are also competitive in terms of accuracy,
in particular when systems or properties that do not be-
long to the training sets of the parameterized hybrids are
considered.
In the present paper, we construct and test parameter-
free hybrids based on the APBE GGA functional62. This
is a non-parameterized GGA constructed from the semi-
classical atom model and has shown high accuracy for a
wide range of molecular properties63. Moreover, in our
development of the hybrid form, we deviate from the con-
ventional scheme and explore the possibility of combining
the exact exchange with an additional correlation func-
tional. This procedure is motivated, within the adiabatic
connection scheme26,33,36, by the need to correct the cor-
relation contribution associated to the exact exchange
fraction, when the coupling constant is approaching one.
A similar motivation stands at the base of double hy-
brids, where the correlation is however partly treated at
the MP2 level.
The paper is organized as follows: in the next section
we present the theory at the base of our construction
of the hybrid functionals and discuss it in the context
of the adiabatic connection. A possible spin-dependent
correction for the correlation is discussed as well. In the
following section we show the performance of our hybrid
functionals in comparison with other relevant ones, using
a broad set of molecular tests. The results are discussed
also in terms of the role of the parameters defining the
hybrids. Finally, we provide a brief study on the use of
a semiempirical dispersion correction in conjuction with
the functionals presented in this work.
II. THEORY
A. Construction of the hybrid functional
According to the adiabatic connection the exchange-
correlation (XC) functional is given by the coupling-
constant integration formula
Exc =
∫ 1
0
Wxc,λdλ , (1)
whereWxc,λ is an appropriate coupling-constant-resolved
XC potential energy. One popular choice for Wxc,λ to
derive global hybrid functional is the ansatz proposed by
Perdew, Ernzerhof, and Burke33:
Wxc,λ =W
DFA
xc,λ +
(
EHFx − E
DFA
x
)
(1− λ)
n−1
, (2)
where DFA stands for some local or semilocal density
functional approximation and EHFx is the Hartree-Fock
exchange computed with Kohn-Sham orbitals. This for-
mula correctly reverts to exact-exchange-only when λ =
0 (i.e. for the non-interacting system) and assumes that
Wxc,1 is well approximated by DFA
33,64. We recall33
that WDFAxc,λ = E
DFA
x + U
DFA
c (λ), where U
DFA
c (λ) =
d
dλ{λ
2EDFAc [ρ↑,λ−1 , ρ↓,λ−1 ]}, with ρσ,γ(r) = γ
3ρσ(γr)
being the uniform scaled spin-densities. Thus, UDFAc (λ)
is a density functional approximation for the correlation
potential (UDFAc (0) = 0 and U
DFA
c (1) = E
DFA
c −T
DFA
c ),
and Eq. (2) describes, at small non-vanishing values of
the coupling constant λ, a mixing of the DFT exchange
with the exact exchange, but with full DFT correlation
as given by DFA. Using Eq. (2) in Eq. (1) we have:
Exc =
1
n
EHFx +
(
1−
1
n
)
EDFAx + E
DFA
c (3)
which shows that always the same EDFAc is used in com-
bination with different value of n. This situation ap-
pears not to be optimal, since in general the DFA cor-
relation contribution is designed to work well together
with its DFA exchange counterpart but not with the HF
exchange. Thus, it may be appropriate to generalize Eq.
(3). Hence, we propose the generalized ansatz
Wxc,λ = W
DFA1
xc,λ +
(
EHFx − E
DFA1
x
)
(1− λ)
n−1
+
(
EDFA2c − E
DFA1
c
)
λm−1, (4)
so that after λ integration we obtain
Exc =
1
n
EHFx +
(
1−
1
n
)
EDFA1x + (5)
+
1
m
EDFA2c +
(
1−
1
m
)
EDFA1c .
where the integer parameter m controls how the correla-
tion functionals EDFA1c and E
DFA2
c are mixed. We note
that Eq. (4) is exact at λ = 0, as Eq. (2), while at λ = 1
we have Wxc,1 =W
DFA1
xc,1 +E
DFA2
c −E
DFA1
c , differently
from Eq. (2). As shown in the Appendix, Eq. (4) can
yield an improved coupling-constant-resolved XC poten-
tial for atoms. In this work, we will choose for DFA1 the
APBE GGA functional62, which is one of the most ac-
curate non-empirical GGAs with broad applicability62,63.
For DFA2, we select the PBEloc correlation functional66,
which has been proved to work quite well together with
the Hartree-Fock exchange, even if other possibilities
could also be considered6,67,68. Note that Eq. (5) re-
sembles the general expression of two-parameter double
hybrid functionals65, if EDFA2c is replaced by the MP2
correlation energy and the constraint on n and m to be
integer numbers is relaxed.
In order to use only one parameter, we need a relation
between n andm. We note that the APBE functional was
constructed in such a way that it recovers the accurate
LDA linear response behavior69,70. Similarly the PBE-
loc functional was designed to respect the same property
with respect to exact exchange. Thus, it appears a nat-
ural choice to force the full hybrid functional to respect
the accurate LDA linear response behavior. To this end
we need to put m = n in Eq. (5). The final formula for
3the hybrid XC functional is therefore
Exc =
1
n
(
EHFx + E
PBEloc
c
)
+
(
1−
1
n
)
EAPBExc . (6)
Equation (6) shows that the resulting XC energy is just
a linear mixing of the original APBE XC functional with
the EHFx +E
PBEloc
c functional: thus a good accuracy can
be expected only if PBEloc works well in combination
with HF, as it is indeed the case66.
We recall that the relevance of the LDA linear response
behavior has been already discussed for the semilo-
cal level of the theory62,63,71,72, and even for hybrid
functionals73. However, in Ref. 73 only the linear re-
sponse behavior of the semilocal fraction of the functional
is considered. We will discuss this item even further in
the final part of this paper (Section IVA), where the
condition n = m will be released.
Moreover, we recall that EAPBEx was constructed from
the semiclassical theory of large neutral atoms, and
recovers the modified second-order gradient expansion
(MGE2)62. It was proved that MGE2 can reproduce well
the fourth-order gradient expansion (GE4)62,74,75. Thus,
because EHFx already recovers the GE4, the whole ex-
change part of the hybrid given in Eq. (6) reproduces to a
good accuracy the GE4 in the slowly-varying atomic den-
sity limit. This feature however, can be met exactly only
at the meta-GGA hybrid level (e.g. the TPSSh hybrid76).
The value of the remaining parameter n can be
strongly circumscribed by theoretical considerations
based on perturbation theory33,36 but not univocally
fixed. The more convenient choice depends on the semilo-
cal functional(s) used in the hybrid construction and is
ultimately determined by the result accuracy. In this
work we consider n = 4 or 5. The corresponding func-
tionals are assessed in next sections. These functionals
have the same exact exchange content as the popular
PBE033–35 and B3LYP58–61 hybrid functionals, respec-
tively. We note that additional values of n can be con-
sidered. In particular, the value n = 3, which can also
be obtained from perturbation theory36, was shown to
yield good results for organic chemistry37 and excited
states, in particular when charge transfer77 and Rydberg
transitions78 are considered. However, such higher frac-
tions of exact exchange do not provide a global result
improvement for the datasets considered in the present
paper, thus they will not be discussed any longer in this
work.
B. Spin-dependent correction for the PBEloc
functional
The good compatibility of the PBEloc functional with
the Hartree-Fock exchange is based on a localization
paradigm of the correlation energy density8,10,66. In
Ref. 67 it has been shown that this localization, and
consequently the compatibility with exact exchange, can
be further enhanced, preserving the exact properties of
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FIG. 1: Ec(ζ) versus ζ of the one-electron Gaussian and Hy-
drogenic densities with uniform spin-polarization ζ, for PBE-
loc, zvPBEloc, and ideal Ec(z) of Eq. (9).
PBEloc, by a slight modification of the original correla-
tion functional to
EzvPBElocc =
∫
ρ(r)fα,ω(ζ(r), v(r))ǫ
PBEloc
c (r)dr , (7)
where ρ is the electron density, ǫPBElocc is the PBEloc
correlation energy per particle, and
fα,ω(ζ, v) = e
−αv3|ζ|ω , (8)
is a spin-dependent correction factor with v =
|∇n|/(2kvρ) being a reduced gradient suitable for den-
sity variations in valence and bonding regions67, kv =
2(3/(4π4))1/18ρ1/9, and ζ being the relative spin polar-
ization.
To fix the parameters α and ω in Eq. (8) we used the
uniformly spin-polarized Gaussian (G) and hydrogenic
(H) one-electron density models n↑ =
1+ζ
2
nG,H and n↓ =
1−ζ
2
nG,H , with nH(r) =
e−2r
pi and nG(r) =
e−r
2
pi3/2
respec-
tively, requiring an improved spin-behavior for ζ ≥ 0.3.
We recall that the ideal spin-behavior for these model
systems is67
Ec(ζ) = E
PBEloc
c (ζ = 0)g(ζ). (9)
with g(ζ) = 1 − ζ2. We finally obtain α = 0.5 and
ω = 2.0. As shown in Table I the so obtained correlation
zvPBEloc functional displays an improved compatibility
with Hartree-Fock exchange, with respect to the original
PBEloc, for tests on small molecules where dynamical
correlation is relevant (see Refs. 67,96 for more details).
Moreover, Fig. 1 shows that zvPBEloc provides a bet-
ter behavior with respect to PBEloc, yet preserving the
PBEloc shape, for both H and G densities.
To take advantage of the improved features of the zvP-
BEloc functional we will thus consider also global hybrids
of the form
Exc =
1
n
(
EHFx + E
zvPBEloc
c
)
+
(
1−
1
n
)
EAPBExc . (10)
4III. COMPUTATIONAL DETAILS
To assess the performance of the functionals we per-
formed calculations on a large test set (overall more
than 500 systems and various energetical and structural
ground-state properties), which was divided into five
main groups:
• Thermochemistry. This group considers
the atomization energies of small molecules
(AE682,83 and W455,85,86) and molecules with
non-single-reference character (W4-MR55),
proton affinities (PA1285–89) and ionization
potentials (G21IP85,86,90), different barrier
heights (BH7685,86,91,92), reaction energies
(BH76RC85,86,91,92 and OMRE23), and both
barrier heights and reaction energies (K983,84).
• Organic molecules’ geometry. This group
comprises tests on bond lengths of hydrogenic
(MGHBL993) and non-hydrogenic (MGNHBL1193)
bonds, bond lengths of open-shell organic molecules
(BL967) as well as vibrational frequencies (F3894)
of small organic molecules.
• Transition metals. This group of tests in-
cludes atomization energies of small transition
metal complexes (TM10AE95,96) and gold clusters
(AUnAE96,97, reaction energies of transition metal
complexes (TMRE23,95), and bond lengths of tran-
sition metal complexes (TMBL96,98) and gold clus-
ters (AuBL623,97). Note that here for the TM10AE
test have been used tighter convergence criteria
than in previous publications8,96.
• Non-covalent interactions. This group consid-
ers interaction energies of hydrogen-bond (HB699),
dipole-dipole (DI699), charge-transfer (CT799), and
π-π-stacking (pp599) complexes. In addition, in-
teraction energies of dihydrogen-bond complexes
(DHB23100) and of complexes with various char-
acter (S22101,102) are taken into account.
• Other properties. This group considers a miscel-
laneous of other properties and systems including
TABLE I: Mean absolute errors (kcal/mol) on AE6 test82
for atomization energies of organic molecules, BH6 test84 for
barrier heights of organic molecules, and K9 test84 for kinet-
ics of organic molecules, as resulting from calculations using
Hartree-Fock exchange and different GGA correlation func-
tionals.
Test set PBE LYP PBEloc zvPBEloc
AE6 31.9 38.2 24.0 20.8
BH6 5.6 5.3 4.4 4.6
K9 5.7 6.0 4.7 4.2
isomerization energies of large organic molecules
(ISOL6103), difficult cases for DFT (DC9/12104),
small gold-organic interfaces (SI1223), dipole mo-
ments of organic molecules (DM2523), and atomic
energies (AE1731).
All tests were carried out for the functionals defined
by Eqs. (6) and (10) with n = 4 or 5. For completeness
also the hybrid functional named APBE0 and defined as
EAPBE0xc = 0.25E
HF
x +0.75E
APBE
x +E
APBE
c was consid-
ered (this is in practice obtained from Eq. (6) changing
EPBElocc with E
APBE
c and setting n = 4 ).
For comparison we performed calculations using sev-
eral other GGA and hybrid functionals: the PBE71 and
APBE62 GGA functionals, as well as the popular hybrid
XC functionals PBE033–35 and B3LYP58–61. Finally, we
considered also the PBEmolβ0 hybrid functional73 which
was constructed to restore the LDA linear response in the
semilocal part of the functional by scaling the second-
order coefficient β in the correlation part. Note that,
because the GGA functional PBEmol73 is very similar
to APBE, the PBEmolβ0 hybrid functional practically
differs from Eq. (6) only for the fact that in the former
the LDA linear response condition is enforced only in
the semilocal part, while in the later it is extended to the
whole functionals (thanks to the inclusion of the PBEloc
correction).
All calculations have been performed with the TUR-
BOMOLE program package105 using a def2-TZVPP ba-
sis set106,107. The choice of the basis set was motivated
by the need to find a best compromise between accuracy
and computational cost, so that our results can be di-
rectly compared to practical applications. We note also
that because the same basis set is used for all the func-
tionals a fair assessment of relative performances is pos-
sible.
To evaluate the performance of the different ap-
proaches we computed, for each group of tests outlined
above, the average MAE relative to PBE0, which is as-
sumed as a reference. Hence, we considered
RMAE =
1
M
M∑
i=1
MAEi
MAEPBE0i
(11)
where the sum runs over all the M tests within a
group and MAEPBE0i is the MAE of PBE0 for the i-th
test. The RMAE indicates whether any method is bet-
ter (RMAE<1) or worse (RMAE>1) than PBE0. The
RMAE provides a fair global assessment of all the re-
sults, however it may tend to overweight tests where both
MAEi and MAE
PBE0
i are small and to underweight the
results of tests where both methods yield quite poor re-
sults. For this reason, in addition to the RMAE, we
5considered also the weighted MAE
WMAE =
1
M
M∑
i=1
MAEi −MAE
PBE0
i
〈MAEPBE0i 〉
= (12)
=
1
M
M∑
i=1
(
MAEi
MAEPBE0i
− 1
)
MAEPBE0i
〈MAEPBE0i 〉
,
where 〈MAEPBE0i 〉 is the average of the MAEs of all hy-
brid methods for test i. Equation (12) shows that in the
WMAE the quantities composing the RMAE are aver-
aged with weights wi = MAE
PBE0
i /〈MAE
PBE0
i 〉, which
indicate the relative performance of PBE0 (assumed as a
reference) with respect to what may be expected from hy-
brid approaches. Hence, negative WMAEs denote meth-
ods outperforming PBE0, while positive values denote
methods performing worse than PBE0.
IV. RESULTS
Table II reports the mean absolute error (MAE) for
each test as obtained from the different functionals. We
see that the best overall performance is given by the hy-
brid functional defined by Eq. (10) with n = 5 (named
hAPBE hereafter), which yields a global RMAE of 0.90
and a global WMAE of -13%. Notably it is also the
best non-fitted hybrid functional for three out of five
groups of tests that we considered (thermochemistry, or-
ganic molecules’ geometry, and transition metals) and it
is very close to the best results for the remaining two
groups. Moreover, hAPBE provides results more accu-
rate than the average of the considered hybrids in 23 over
28 cases. For thermochemistry the hAPBE functional
yields performance very close to the B3LYP functional
(RMAE is the same; WMAE is only 2% better in B3LYP)
which was fitted on some of these properties. However
B3LYP shows, several limitations for other problems, es-
pecially those related to transition metals and clusters,
being below the average performance in most tests not
connected to thermochemistry. These limitations may
possibly trace back to the fitting parameters as well to
some limitations of the Lee-Yang-Parr correlation59 in
the slowly-varying density limit108.
We also note that the hAPBE functional is also supe-
rior to some non-empirical meta-GGAs, such as TPPS112
and BLOC8,10,66 which have total WMAEs +16 and +13
respectively, and simple hybrid meta-GGAs (TPPSh76
has WMAE +3). It is still not as accurate as the most
sophisticated hybrid meta-GGAs. Hence, for example
the M06 functional31 performs on the test set used in
this work with a WMAE of -17%. However, we need to
stress that the M06 functional contains several tens of
empirical parameters.
To understand better the results of Tab. II two main
trends are worth of an analysis. The first one concerns
the effect of the inclusion of different amounts of Hartree-
Fock exchange. Information on such a trend can be ob-
tained comparing APBE with APBE0, PBE with PBE0,
and in general the hybrids with n = 5 and n = 4.
The analysis of the data in Tab. II shows that in fact
the inclusion of a fraction of Hartree-Fock exchange can
benefit the overall performance, but a larger amount of
Hartree-Fock exchange does not necessarily correspond
to an improvement of the results. More in detail we
see that non-covalent complexes are almost insensitive
to the inclusion of Hartree-Fock exchange (with the par-
tial exception of charge-transfer complexes) whereas or-
ganic molecules and transition-metal complexes have dif-
ferent and quite erratic behaviors. Hence, for organic
molecules Hartree-Fock exchange provides an improve-
ment for barrier heights and most reaction energies. On
the other hand, the inclusion of Hartree-Fock exchange
yields a clear worsening of transition-metal complexes en-
ergies, but a moderate improvement for the bond lengths.
Thus, a proper balance, taking into account all these ef-
fects, appears hard to find. Nevertheless, it seems that
a best overall performance may be obtained for a mod-
erate fraction of Hartree-Fock exchange. This result is
in agreement with the finding of Ref. 23. On the other
hand, even within functionals having the same amount of
Hartree-Fock exchange, significant differences are found.
In particular, we remark that from the present assess-
ment the hybrids proposed in this work appear to per-
form better than the popular hybrids B3LYP and PBE0.
The second trend to observe concerns the different pos-
sible choices for the correlation part of the functional.
In particular, it is interesting to inspect the APBE0,
PBEmolβ0, and the functional defined by Eq. (6) with
n = 4 (the spin-dependent correction for PBEloc is dis-
cussed below), to understand the role of the LDA linear
response constraint and of the PBEloc correlation. In
agreement with Ref. 73 we find that the imposition of
the LDA linear response on the semilocal part of the
functional gives in general an improvement of the perfor-
mance, especially for atomization and reaction energies
of organic molecules. However, in the case of PBEmolβ0
this seems to occur mostly thanks to an error cancel-
lation effect, as shown by the fact that atomic energies
are much worse for PBEmolβ0 than for APBE0. On the
other hand, the functional proposed in this work shows a
similar (but systematically better) performance as that of
PBEmolβ0, with apparently a smaller error cancellation.
We remark once more that neither APBE0 nor
PBEmolβ0 recover the full LDA linear response, as in-
stead do the functionals of the present work. In fact, the
exchange-correlation second-order gradient coefficients
are: µPBE0xc = −0.024, µ
APBE0
xc = −0.034, µ
PBEmolβ0
xc =
0.031, while only for the functionals of Eqs. (6) and (9),
µxc = 0. Because in Table II the latter functionals give
the best global RMAE and global WRMAE, the imposi-
tion of the full LDA linear response for the full global hy-
brid seems to be important. This correlation issue may
appear, at first sight to have only a minor impact on
most calculations, because energy differences are often
considered. However, it may be relevant for those cases
6TABLE II: Mean absolute errors (MAEs) for different tests and functionals. For each group of tests the average MAE relative
to PBE0 and the weighted MAE (RMAE and WMAE; see text for definitions) are reported in the last lines. For each line the
hybrid functional performing best is highlighted in bold face; a star is used to denote the best among the functionals based on
Eqs. (6) and (10).
Test GGA Hybrid n = 5 Hybrid n = 4
PBE APBE B3LYP Eq. (6) Eq. (10) PBE0 APBE0 PBEmolβ0 Eq. (6) Eq. (10)
Thermochemistry (kcal/mol)
atomization energy (AE6) 13.4 7.8 5.5 5.8 ∗4.2 6.3 9.5 7.3 6.8 4.8
atomization energy (W4) 10.7 8.5 5.8 6.4 ∗6.0 6.0 8.7 7.6 7.3 6.4
static correlation (W4-MR) 21.8 17.4 8.4 ∗5.9 ∗5.9 7.1 10.5 11.2 9.1 7.2
proton affinities (PA12) 2.2 2.8 2.3 ∗3.1 ∗3.1 2.8 3.4 3.5 3.3 3.3
ionization pot. (G21IP) 3.9 4.0 3.8 ∗4.0 ∗4.0 4.1 4.2 4.6 4.2 4.2
barrier heights (BH76) 9.8 9.0 5.0 5.0 5.0 4.5 3.9 4.0 ∗4.2 ∗4.2
reaction energies (BH76RC) 4.4 3.8 2.6 2.8 2.9 2.7 2.5 2.4 ∗2.6 2.7
reaction energies (OMRE) 6.7 7.1 4.6 6.5 ∗6.4 9.1 7.1 6.0 8.1 7.9
kinetics (K9) 7.5 6.6 3.8 4.2 4.2 3.9 3.3 3.1 ∗3.7 ∗3.7
RMAE 1.71 1.46 0.96 1.00 ∗0.96 1.00 1.15 1.09 1.07 0.99
WMAE(%) +66 +42 -6 -1 ∗-4 0 +11 +6 +6 -2
Organic molecules’ geometry (mA˚, and cm−1)
H bond lengths (MGHBL9) 11.4 10.2 3.0 ∗1.4 ∗1.4 2.3 1.5 1.0 1.5 1.5
non-H bond lengths (MGNHBL11) 7.6 9.2 7.2 ∗7.3 ∗7.3 9.8 8.8 8.7 10.7 10.6
open-shell molecules (BL9) 15.0 14.7 11.9 ∗11.6 ∗11.6 12.7 12.2 12.3 12.5 12.5
vibrations (F38) 58.4 55.0 37.1 ∗44.2 ∗44.2 53.3 52.0 52.1 58.3 58.3
RMAE 2.00 1.88 0.91 ∗0.77 ∗0.77 1.00 0.86 0.82 0.96 0.96
WMAE(%) +135 +119 -7 ∗-28 ∗-28 0 -17 -23 -7 -7
Transition metal complexes (kcal/mol [for AUnAE kcal/(mol·atoms)] and mA˚)
atomization energy (TM10AE) 13.0 11.1 13.4 12.1 ∗11.0 14.4 15.8 14.0 14.1 11.4
reaction energies (TMRE) 3.7 3.1 10.6 9.6 ∗8.4 9.0 9.5 9.5 11.5 9.2
gold clusters atomiz. (AUnAE) 0.60 1.8 5.9 ∗3.8 ∗3.8 4.0 5.1 5.0 4.3 4.3
bond lengths (TMBL) 13.5 13.0 18.5 ∗18.3 ∗18.3 21.2 20.6 20.5 21.8 21.8
gold clusters bonds (AuBL6) 56.5 58.7 94.2 36.6 36.5 41.9 56.0 58.9 32.5 ∗32.3
RMAE 0.69 0.72 1.34 0.92 ∗0.88 1.00 1.15 1.13 1.03 0.94
WMAE(%) -30 -28 +29 -8 ∗-12 0 +13 +11 +3 -6
Non-covalent interactions (kcal/mol)
hydrogen bonds (HB6) 0.38 0.32 0.55 ∗0.36 ∗0.36 0.52 0.36 0.45 0.38 0.38
dipole-dipole (DI6) 0.38 0.39 0.88 ∗0.38 ∗0.38 0.36 0.38 0.32 ∗0.38 ∗0.38
dihydrogen bonds (DHB23) 0.98 0.76 0.34 ∗0.66 ∗0.66 0.75 0.56 0.79 ∗0.66 ∗0.66
charge-transfer (CT7) 2.7 2.4 0.79 1.3 1.3 1.3 1.0 1.2 ∗1.2 ∗1.2
pi-pi stacking (pp5) 2.1 2.2 3.2 ∗2.2 ∗2.2 2.1 2.2 2.0 ∗2.2 ∗2.2
various non-covalent (S22) 2.3 2.7 3.5 ∗2.4 ∗2.4 2.2 2.4 2.2 ∗2.4 ∗2.4
RMAE 1.21 1.13 1.27 0.97 0.97 1.00 0.91 0.95 ∗0.95 ∗0.95
WMAE(%) +23 +15 +22 -5 -5 0 ∗-12 -6 ∗-7 ∗-7
Other (kcal/mol; Debye/10 for DM25)
isomerization (ISOL6) 2.2 2.4 2.7 ∗1.4 ∗1.4 1.5 1.4 1.4 ∗1.4 ∗1.4
difficult cases (DC9.12) 40.8 29.4 25.0 19.7 19.6 17.7 22.9 20.2 18.2 ∗17.9
small interfaces (SI12) 3.7 5.9 11.0 ∗7.0 7.1 7.2 8.9 9.3 7.8 7.9
dipole moments (DM25) 3.6 3.6 2.9 2.7 2.7 2.7 2.7 2.7 ∗2.6 ∗2.6
atomic energies (AE17) 51.6 22.2 7.6 16.9 16.6 42.2 10.2 54.5 15.7 ∗15.3
RMAE 1.36 1.19 1.20 0.88 0.88 1.00 0.94 1.13 0.88 ∗0.87
WMAE(%) +38 +9 +2 -22 -23 0 -21 +17 ∗-24 ∗-24
Global RMAE 1.41 1.27 1.12 0.92 ∗0.90 1.00 1.02 1.03 0.99 0.94
Global WMAE(%) +44 +28 +5 -11 ∗-13 0 -4 +2 -5 -9
71−β 1−β
1−β1−β
α α
α α
AE6 K9
TMRE average
FIG. 2: Mean absolute errors (kcal/mol) for several energy tests and different values of the parameters in the hybrid functional
of Eq. (13). The scaled average (see text for the definition) of the various tests is also reported (right bottom panel). In each
panel the white boxes denote the positions of the functionals defined by Eq. (13) with n = 4 and n = 5 as well as APBE0.
where heterogeneous systems are involved, such as for
the atomization of metal clusters or the description of
metal-organic interfaces, because in these cases the cor-
relation effects of the different parts are likely to be very
different and will not cancel properly. This observation
is supported by the trends registered in Tab. II for the
AUnAE and SI12 tests, although the small dimensions
of the systems considered in those tests prevent a good
analysis of this effect.
Finally, we consider a comparison between hybrid func-
tionals including the simple PBEloc correlation and those
implementing the spin-dependent correction via zvPBE-
loc. The data of Table II show the latter functionals
display a non-negligible improvement with respect to the
former ones: the improvement in WMAE is 4% (2%) for
n = 4 (n = 5). This fact can be traced back to the
higher compatibility with Hartree-Fock exchange of zvP-
BEloc with respect to PBEloc. In fact, the more signif-
icant improvement is registered for n = 4, while smaller
advantages are observed for n = 5.
Also interesting to note is the fact that the inclusion of
the spin-dependent correction brings in all cases either an
improvement of the results or leaves them practically un-
changed (a very small worsening is observed only in few
cases). We recall, in addition, that for spin-compensated
cases (e.g. all the non-covalent tests) the spin-correction
8has no effect, by construction.
A. Analysis of hybrid parameters
To gain more insight into the performance of the hybrid
functionals we consider in this section the general expres-
sion in Eq. (5), with DFA1=APBE and DFA2=PBEloc,
i.e.
Exc = αE
HF
x +(1−α)E
APBE
x +βE
PBEloc
c +(1−β)E
APBE
c ,
(13)
and we preform a scan of the values of the two parameters
α and β to investigate the dependence of the results on
the fraction of Hartree-Fock exchange and the correlation
contribution. To this end we consider a minimal set of
tests composed of the energy tests AE6 (atomization en-
ergies of small molecules), K9 (barrier heights and reac-
tion energies of organic molecules), and TMRE (reaction
energies of transition-metal complexes). These tests are
in fact representative of the most important systems and
properties as well as of the different trends observable in
Table II. To evaluate a global performance of the energy
tests, which display rather different MAEs, we consider
an average of the three tests after rescaling the result of
each test as MAE→MAE/(1+MAE). Note that the scal-
ing has the two-fold purpose of making all the quantities
comparable, so that a simple average is meaningful, and
to enhance the differences between small values (which
are the most interesting here).
The results of the scan for the energy tests are reported
in Fig. 2. The plots show that indeed, as noticed when
discussing Tab. II, the different tests display different be-
haviors with respect to α and β. In particular, the bar-
rier heights within the K9 test require a large fraction of
Hartree-Fock exchange for an accurate description, while
the opposite occurs in transition metals. On the other
hand, atomization energies of organic molecules show an
even more complex trend, requiring a delicate balance
between exact exchange and correlation. Thus, overall
the average performance has a complicated dependence
on the two parameters. Nevertheless, it is possible to
identify a clear minimum approximately corresponding
to α = 0.2 and β = 0.3, which is close to the definition of
the functional with n = 5. Moreover, reasonably small
average errors can be obtained for the family of parame-
ters respecting the relation β ≈ α+0.1, which is close to
the condition used in Eq. (6). Such a relation also shows
that, as discussed in Section II A, an accurate correlation
functional to be used in hybrid functional should depend
on the HF exchange contribution.
These results indicate the robustness of our construc-
tion based on the ansatz of Eq. (5) and the three imposed
constraints. In particular, it is highlighted the impor-
tance of the satisfaction of the LDA linear response for
the full XC functional, which is the constraint determin-
ing the condition m = n in the functional of Eq. (6).
A somehow different situation is found concerning the
geometry tests (MGHBL9 and MGNHBL11), which are
α
1−β
FIG. 3: Mean absolute errors (mA˚) for geometry tests as
obtained for different values of the parameters in the hybrid
functional of Eq. (13). The white boxes denote the positions
of the functionals defined by Eq. (13) with n = 4 and n = 5
as well as APBE0.
reported in Fig. 3. In this case in fact a large and shallow
minimum is observed for moderate values of the param-
eter α and β values ranging from 0.2 to 1. This indicates
that reasonably small errors can be achieved by hybrid
functionals including a sufficiently moderate fraction of
Hartree-Fock exchange. In fact, for n = 5, the result of
4.4 mA˚ is reasonably close to the global minimum of 3.7
mA˚.
Note also that the lines β = 1 in both Figs. 2 and
3, which correspond to the hybrids which use the full
PBEloc correlation, show a modest performance for all
the tests. Such hybrids not only violates the LDA linear
response, but also behave in the tail of the density as
a pure exchange functional (because of the PBEloc con-
struction). We recall that the correlation energy density
plays an important role for asymptotic properties109,110.
Nevertheless, remarkably both Figs. 2 and 3 show that
the best results are found for β ≈ 0.2, which reveals
an important significance of the PBEloc correlation as
a tool for the construction of hybrid functionals. Thus,
further development of semilocal correlation functionals
more compatible with HF exchange, may further improve
the quality of global hybrids.
B. Semiempirical dispersion correction
To complete the construction of the hybrid functionals
we considered to complement them with a semiempirical
dispersion correction111. In fact, the dispersion inter-
action cannot be described neither by the Hartree-Fock
9TABLE III: Numerical values of the parameters used in the
semiempirical D3 dispersion correction of the different func-
tionals.
Functional sr,6 s8
APBE 1.242 0.930
APBE0 1.259 0.921
this work n = 4 1.266 0.915
this work n = 5 1.258 0.923
exchange nor by any semilocal correlation. We imple-
mented the dispersion correction through the DFT-D3
semiempirical model111, fixing the two free parameters
of the model by fitting to the MAE of the S22 test. The
resulting parameters for different functionals are listed in
Table III. Note that because the S22 test only includes
systems without any spin polarization the parameters of
the D3 correction are the same for functionals defined by
Eqs. (6) and (10).
The D3 dispersion correction is found to be well com-
patible with all the hybrid functionals, bringing a good
improvement for dispersion dominated cases (i.e. S22
and pp5, where van der Waals interactions dominate or
rather large systems are considered; see Tab. IV). Inter-
estingly the semiempirical dispersion correction also re-
duces the MAE for ISOL6 and metal-organic interfaces
(SI12). On the other hand, for the first four test in Tab.
IV where dispersion is not dominating, the D3 correction
tends to slightly worsen the results for APBE and its hy-
brid variants. For all other tests (not reported Tab. IV)
where dispersion does not play any relevant role, results
are correctly left almost unchanged (data non reported).
V. CONCLUSIONS
We have developed the global hybrids of the APBE
exchange-correlation GGA functional62. The construc-
tion of these hybrids is based on the use of the PBE-
loc or zvPBEloc correlation functionals, to accompany
the fraction of exact exchange, and on the recovery of
the accurate LDA linear response. By a broad ener-
getical and structural testing, including thermochem-
istry, organic geometry, atomization energies, reaction
energies, and bond lengths of transition metal com-
plexes, non-covalent interactions, isomerization, gold-
molecules hybrid-interfaces, and dipole moments of or-
ganic molecules, we have shown that the best total per-
formance is obtained by considering the hybrid using the
zvPBEloc correlation (i.e Eq. (10)) and n = 5. We name
this functional hAPBE. The hAPBE hybrid functional,
shows an almost systematic improvement over the popu-
lar PBE0 and B3LYP hybrids, as well as over the recently
proposed PBEmolβ0 functional. In fact, the hAPBE
hybrid functional has a good accuracy for all the tests,
showing a broad applicability, in contrast to the B3LYP
functional which is modest for the transition metal com-
plexes. Use of a semiempirical dispersion correction can
bring further accuracy for problems where the dispersion
interaction is especially relevant. Furthermore, the anal-
ysis of the hybrid parameters, summarized in Figs. 2
and 3, has shown that the LDA linear response is a pow-
erful constraint, and that the PBEloc correlation plays
a significant role in the functional performance. Thus
the hAPBE functional can be regarded as an interest-
ing tool for quantum chemistry applications. Whereas,
the construction presented in this work, using a different
correlation contribution to accompany the Hartree-Fock
exchange and fulfilling the LDA linear response, appears
to be an important strategy to develop more accurate
hybrid functionals in the future.
In view of further improvements different semilocal
correlation functionals with good compatibility with the
Hartree-Fock exchange can be considered (e.g. GAPloc68
or revTCA6). Alternatively, the replacement of GGAs
with meta-GGAs can be considered in Eq. (4). We recall
in fact that important recent work at the meta-GGA level
has appeared. Hence, several accurate non-empirical
(semi-empirical) functionals have been proposed, such
as revTPSS113, regTPSS114, MGGA-MS17, VT{8, 4}115,
and BLOC8,10,66. All of them represent good candidates
for the construction of an accurate meta-GGA hybrid,
using the method proposed in the present paper. In
particular the BLOC functional uses a correlation term
(TPSSloc66) which has been derived from the PBEloc
GGA. Thus, this functional appears as the most natural
choice for future studies.
VI. APPENDIX
In this Appendix we analyze the coupling-constant-
resolved XC potential energy formula in Eqs. (2) and
(4) for atomic systems. As a reference we consider the
coupling-constant-resolved XC potential energy of the
interaction-strength interpolation (ISI) model (W ISIxc,λ), a
high-level method constructed from exact conditions79.
The differences between the various approximateWxc,λ
and the reference, as functions of λ, for several neutral
atoms, are reported in 4. In addition we consider also
the Ne8+ ion as an example for the high-density limit
case. For all atoms we report also the exact behavior
Wxc,λ → Ex + 2λE
GL2
c , where E
GL2
c is the second-order
Go¨rling-Levy perturbation theory correlation (GL2)80,81,
for small values of λ. Note that for Ne8+ this behav-
ior becomes almost exact over the whole range of λ val-
ues. The data in 4 show that the PBE0 ansatz is cor-
rect only at λ = 0 and in the close proximity of this
point (by construction), whereas it shows a significant
inaccuracy for larger λ values. The results are much im-
proved for all atoms considered when the semilocal DFT
approximation is changed from PBE to APBE (APBE0
curve). In this case in fact a closer behavior to the ref-
erence is obtained over the whole range of λ values. By
10
TABLE IV: Mean absolute errors (MAEs) on different tests for the dispersion corrected (D3) hybrid functionals.
GGA Hybrid n = 5 Hybrid n = 4
Test APBE-D3 Eq. (6)-D3 Eq. (10)-D3 APBE0-D3 Eq. (6)-D3 Eq. (10)-D3
hydrogen bonds (HB6) 0.77 1.0 1.0 1.0 1.1 1.1
dipole-dipole (DI6) 0.91 0.73 0.73 0.69 0.69 0.69
dihydrogen bonds (DHB23) 1.3 1.2 1.2 1.0 1.1 1.1
charge-transfer (CT7) 2.9 1.8 1.8 1.5 1.6 1.6
pi-pi stacking (pp5) 0.2 0.18 0.18 0.20 0.21 0.21
various non-covalent (S22) 0.5 0.59 0.59 0.57 0.62 0.62
isomerization (ISOL6) 2.2 1.0 1.0 1.0 1.0 1.0
small interfaces (SI12) 4.5 5.8 5.7 7.6 6.6 6.5
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FIG. 4: Difference between several approximate coupling-constant-resolved XC potential energy formulas and the ISI model for
the He, Be, Ne atoms and the Ne8+ ion. For small values of λ also the GL2 curve is shown as a reference for the initial slope.
construction, both WPBE0xc,λ and W
APBE0
xc,λ are exact at
λ = 0, while at λ = 1, they recover the GGA behav-
iors, WPBE0xc,λ → W
PBE
xc,λ and W
APBE0
xc,λ → W
APBE
xc,λ
33.
As shown in Fig. 4, WAPBExc,λ significantly improves over
WPBExc,λ at λ→ 1, and consequently the APBE0 hybrid is
more realistic.
Then we consider the ansatz introduced in Eq. (4).
The curves labelled “Eq.(4)n = 4” and “Eq.(4)n = 5” in
4 clearly show that the correlation correction has a non
negligible effect only for λ > 0.6 and that, for all system
considered, a significant improvement is obtained for λ
close to 1. In particular an almost vanishing error for
λ = 1 is obtained for He and Ne.
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